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Abstract 

This is the third part of a series of articles where the theory of valuations on 
manifolds is constructed. In [2] the notion of a smooth valuation on a manifold was 
introduced. The goal of this article is to put a canonical multiplicative structure on 
the space of smooth valuations on general manifolds, thus extending some of the affine 
constructions from |S|, HI- 
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Introduction. 

In convexity there are many geometrically interesting and well known examples of valuations 
on convex sets, including Lebesgue measure, the Euler characteristic, surface area, mixed 
volumes, and affine surface area. For a description of older classical developments on this 
subject we refer to the surveys ^7j, ^Hl- For general background on convexity we refer to 
the book [iBj. 

*Partially supported by ISF grant 1369/04. 
tPartially supported by NSF grant DMS-0204826. 
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Approximately during the last decade there has been significant progress in this classical 
subject, leading to new classification results for various classes of valuations, and to the 
discovery of new structures on them. This progress has shed new light on the notion of 
valuation, permitting an extension to the more general setting of valuations on manifolds, 
and to sets which are not necessarily convex (a concept which in any case has no meaning on 
a general manifold). The development of the theory of valuations on manifolds was started 
by one of the authors in the first two parts j3] , [S| of the present series of articles. 

In IS] the notion of smooth valuation on a smooth manifold was introduced. Roughly 
put a smooth valuation can be thought as a finitely additive C-valued measure on a class of 
nice subsets; this measure is required to satisfy some additional assumptions of continuity 
(or rather smoothness) in some sense. The basic examples of smooth valuations on a general 
manifold X are smooth measures on X and the Euler characteristic. Moreover the well 
known intrinsic volumes of convex sets can be generalized to provide examples of smooth 
valuations on an arbitrary Riemannian manifold; these valuations are known as Lipschitz- 
Killing curvatures. 

The goal of this article is to put a canonical multiplicative structure on the space of 
smooth valuations on a general smooth manifold. When the manifold is an affine space 
the multiplicative structure was defined in 4j (in the more specific situation of valuations 
polynomial with respect to translations it was defined in |3]). The construction of the product 
on general manifolds presented in this article uses the construction from |1] for the affine 
case in combination with tools from geometric measure theory. Roughly it works as follows. 
Choosing a coordinate atlas for X, one uses the product of valuations on R", defined by 
the construction of to define the product locally. Then one shows that the products 
obtained on each coordinate patch coincide on pairwise intersections, and that the result 
does not depend on the choice of atlas. This step uses geometric measure theory. 

Let us denote by V°°{X) the space of smooth valuations on X. The product 

V^iX) X V^iX) V^{X) 

defined in this article is a continuous map, with respect to which V'^{X) becomes a com- 
mutative associative algebra with unit (where the unit is the Euler characteristic). 
In jH] it was shown that the assignment to any open subset U <Z X 

U ^ y°°(f/), 

with the natural operations of restriction, defines a sheaf of vector spaces on X denoted by 
V^. The multiplicative structure on smooth valuations defined in this article commutes with 
restriction to open subsets. Hence becomes a sheaf of commutative associative algebras 
with unit. Further properties of the multiplicative structure are studied in the fourth part 
of this series [B]. 

The article is organized as follows. Section Q contains some background; it does not 
contain new results. There we also fix some notation used throughout the article. In Section 
121 we discuss normal cycles; the exposition follows mostly JDl-Cn]- Then we explain how 
to use normal cycles to construct valuations. We also recall related results from geometric 
measure theory. In Section El we prove some auxiliary results of a technical nature. The main 
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part of the article is Section |3J where we present a construction of the product on smooth 
valuations and prove that it is independent of the choices involved. 

Acknowledgements. The first named author is grateful to J. Bernstein for very useful 
discussions, and to V.D. Milman for his interest in this work and useful discussions. 

1 Background. 

In Subsection II . II we fix some notation which will be used throughout the article. In Subsec- 
tion we recall some results from |1] and deduce from them Corollarv ll.2.21 which will be 
used later on. In Subsection II .31 we recall some necessary facts from the theory of valuations 
and some results from j4j and 

1.1 Notation. 

Let be a finite dimensional real vector space. 

• Let K-iV) denote the family of convex compact subsets of V. 

• Let R>o denote the the set of non-negative real numbers. 

• For a manifold X let us denote by \ujx\ (or just by |ci;| if it does not lead to confusion) 
the line bundle of densities over X. 

• For a smooth manifold X let V{X) denote the family of all simple subpolyhedra of X. 
(Namely P E V{X) iff P is a compact subset of X locally diffeomorphic to M.^ x R"g^ for 
some < A; < n. For a precise definition see p], Subsection 2.1.) 

• We denote by P4.(V^) the oriented projectivization of V. Namely P+(V^) is the manifold 
of oriented lines in V passing through the origin. 

• For a convex compact set A G )C{V) let us denote by Ha the supporting functional of 
A, hA-.V* ^ M. It is defined by 

hA{y) ■■= sup{y{x)\x E A}. 

• Let L denote the (real) line bundle over F^{V*) such that its fiber over an oriented line 
/ E P+(V*) is equal to the dual line /*. 

• A subset A of a Euclidean space V is said to have positive reach (or to be semi-convex) 
if there exists e > such that for any x E V with dist (x, A) < e there exists a unique point 
y E A with dist (x, y) = dist (x, A) (cf. |Q). The reach of A is defined to be the supremum 
of all such e. Note that A is convex iff reach(74) = oo. 

1.2 Some convexity. 

First let us recall some results from [1 . Let K = {Ki, K2, . . . , i^s) be an s-tuple of compact 
convex subsets of V. Let r G N U {00}. For any /i G C^(y, \ujv\) consider the function 
MkF : ^ C , where R% = {(Ai, . . . , A,) | Aj > 0}, defined by 

s 

1=1 
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1.2.1 Theorem (U)- (V Mj^^ G C"'(]R^) and Mj^ is a continuous operator from {V, \uJv\) 
to CiR^). 

(2) Assume that a sequence fi^"^^ converges to fi in C^{V,\ujv\)- Let Kf^\ Ki, i = 
1, . . . , s, m G N be convex compact sets in V , and for every i = 1, . . . , s K^"^^ Ki in 
the Hausdorff metric as m ^ oo. Then M^{„)/i(™) ^ Mj^fi in C"^(R;) as m —s> oo. 

1.2.2 Corollary. Let r G N. Let R> 0. Then there exists a constant C depending on r,R, 
and n only such that for any fi G C""(V, \uJv\) and any K G /C(V^) contained in a centered 
Euclidean hall of radius R one has 



QT 



r 



fi{K + J2 A-^^O I < ^ ■ I McncR-D) ■ n 1 



1=1 i=l 

Proof. Consider the functional 

^: C"'(V^, l^vl) X }C{VY+^ 

given by 

^(/x; K;Ai,..., Ar) = — ^ lo/^(^ + Yl ^^^*)- 



\CH¥+{V*))- 



i=l 



By Theorem 11.2.11 ip is a continuous map. Clearly ip is linear with respect to fi and sym- 
metric with respect to Ai, . . . , Aj.. Moreover ip is Minkowski additive with respect to each 
of Ai, . . . , Ar. (Minkowski additivity, say with respect to Ai, means that 

K; aA[ + pA'l, A2, . . . , Ar) = K; A\, A2, . . . , Ar) + pipii^; K; A'/, A2, . . . , Ar) 

for any a, /? > 0, A[, A'l G IC{V).) 

Let h G C^{F+(y*), L). Then h can be presented as 

h = Ha' — Ziyi" (1) 

where hA',hA" G C^(P+(y*),L) are supporting functional of convex compact sets A', A" G 
}C(y) respectively, and 

max{||/;,A'||c2(P+(y)), \\hA"\\c2{r+(v*))} < c\\h\\c2(p_^_(v*)) (2) 

where c is a constant depending on n only. Indeed let us take h^' = h + T ■ hj:,, A" = T ■ D 
where D is the unit Euclidean ball, and T > a large enough constant depending on 
1 1^1 |c2(p+(y*))- Now let us extend ip to a. functional 

^: C'{V,\uv\) X K,{V) X {C\¥+{V*),L)y 

by linearity More precisely let (/x; K;hi,..., K) G C^(V, |u;y |) x K,{V) x {C'^{¥+{V*), L)Y . 
Let us define V'l/^j K;hi,..., hr) recursively on the number of non-convex functions among 
hi, . . . ,hr. If this number is equal to zero, there is nothing to define. Assume we have defined 
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ijj for k — 1 < r not necessarily convex functions. Let us define it for k such functions. We 
may assume that hi, i > k are convex. Choose a presentation 

hk = hA'^ - Ha'^ (3) 

as in (P), and satisfying (j2)). Now define 

K;hi,. . . , hk-i, hk, hk+i, . . .,hr) = 
K;hi,..., hk-i, Ha'^, hk+i, ...,hr)- ijj{fi; K]hi,..., h^-i, Ha'i, h+i, ...,hr) 

where the right hand side is defined by the assumption of induction. 

It is easy to see that the extension ip is well defined (i.e. it does not depend on the 
choice of presentation Q). Next ip is continuous due to and it is linear with respect to 
hi, ... , hr. Now CoroUarv 11.2.21 follows from a very general, simple, and well known lemma 
as follows. 

1.2.3 Lemma. Let X be a compact topological space. Let Fi, . . . ,Ft be locally convex C- 
linear topological spaces. Let 

(f): X X FiX ■■■ X Ft^C 

be a continuous map which is linear with respect to the 
Then there exist continuous semi-norms \ \ ■ . . . , 
that for any x G X, G Fi, . . . ,C,t E Ft one has 

t 

\4>{x,ii,...,it)\<X{\\ii 

i=l 

Thus Corollary [1221 is proved. Q.E.D. 

1.3 Some valuation theory. 

1.3.1 Definition, a) A function : K,{V) — > C is called a valuation if for any Ki, K2 E ^(^) 
such that their union is also convex one has 

0(7^1 U K2) = ct>{Ki) + 0(^2) - ct>{Ki n ^2). 

b) A valuation is called continuous if it is continuous with respect to the Hausdorff 
metric on KLiV). 

For the classical theory of valuations we refer to the surveys McMuUen-Schneider ^7] 
and McMuUen ^Ej. For general background from convexity we refer to Schneider [TH] . 

In |1] one has introduced a class 5*^^(1^) of valuations called smooth valuations. We refer 
to for an axiomatic definition. Here we only mention that SViV) is a C-linear space 
(with the obvious operations) with a natural Frechet topology. In this article we will need 
another description of SV(y), given in Theorem 11.3.21 below. 

Let us denote by'^L the (complex) line bundle over P+(V^*) whose fiber over / G P+(K*) 
is equal to /* ®^ C (where /* denotes the dual space to /). 

Note that for any convex compact set A G ICiV) the supporting functional hA is a 
continuous section of'-'L: hA G C(P+(V*),^L). 



last t arguments. 



on Fi, . . . , Ft respectively such 
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1.3.2 Theorem Corollary 3.1.7). There exists a continuous linear map 

T: X P+(\/*)^ |cuy| M^L^^) ^ SViV) 

which is uniquely characterised by the following property: for any k = 0,1, . . . ,n, any fi € 
C°°{V, \uJv\), an-y strictly convex compact sets Ai, . . . ,Ak with smooth boundaries, and any 
K G KLiy) one has 

Qk ^ 
1 • • • k 

where Xi > in the right hand side. 

Moreover the map T is an epimorphism. 

In inj one has introduced for any smooth manifold X a class of finitely additive measures 
on the family of simple subpolyhedra V{X). This class is denoted by V°°{X). It is a C-linear 
space (with the obvious operations). Then V°°{X) has a natural Frechet topology. Moreover 
in the case of a linear space V, the restriction of any element G V°°(y) to JCiV) fl ViV) 
has a (unique) extension by continuity in the Hausdorff metric to }C{V), and this extension 
belongs to SViV). Thus one gets a linear map 

V°°{V) SV{V). 

In Proposition 2.4.10, the following result was proved. 

1.3.3 Proposition. The map V°°{V) SV{V) constructed above is an isomorphism of 
Frechet spaces. 

2 Valuations and normal cycles. 

2.1 Normal cycles for convex sets. 

Let y be a real vector space with finite dimension n. Let K G }C(y). Let x & K. 

2.1.1 Definition. The tangent cone to at x is the closure of the set {y &V\^£ > Q x+ey G 
K}. We denote it by T^K. 

It is easy to see that T^K is a closed convex cone. 

2.1.2 Definition. The co normal cone to at x is the set 

Nor*(ir,x) := {y eV*\ y{x) < OVx G T^K}. 
Thus Nor*(i^, x) is also a closed convex cone. Put also 

Nor*(A) := U^eK {{x} x Not*{K,x)) . 
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Fixing a euclidean metric (, ) on V^, it will be convenient to define Nor (A) C x as the 
image of Nor* (A) under the induced identification V x V* c:^ V x V. Finally, we put 

Nori(ir) := {{x,v) G Nor(K) : \v\ = 1}. 

It is easy to see that Nor*(i^) (resp. Nor(i^')) is a closed n-dimensional subset of T*V = 
V X V* (resp. TV) invariant with respect to multiplication by non-negative numbers acting 
on the second factor. 

Observe that Nor(i^'), and hence Nor* (A) as well, is biLipschitz homeomorphic to V: 
putting Pa '■ V A for the nearest point projection, V maps onto Nor(y4) via the map 
Pa '■ X {Pa{x),x — Pa{x)), with inverse induced by {x,y) x + y. It is clear that 
Pa- V ^ V X V is a proper map. 

It is useful to think of these objects as defining integral currents in the tangent and 
cotangent bundles of V. Given a smooth manifold M, put Q^{M) for the space of all 
compactly supported C°° differential forms of degree k on M. We recall (jHI) that the 
space Ifc(M) of integral currents of dimension A; on M is the space of all continuous linear 
functionals T : fi^(M) M with the properties 

• There is a sequence of bounded measurable subsets Ei, E2, ■ ■ ■ G M!' and locally Lips- 
chitz maps /, : Ei —>■ M such that 

00 

1=1 

where [Ej denotes the operation of integration of a /c-form over E. Note that by 
Rademacher's theorem the derivative of / exists almost everywhere, and constitutes a 
bounded measurable function. Thus the pull-backs /*0 are integrable over the E^, so 
the pushed forward currents given by 

are well-defined. 

• For each compact set C C M we have massc(T) < 00, where 

massc(T) := sup{T(0) : supp (p C C, \\ (f) ||o< 1}. 
Here || ■ ||o denotes the C°-norm. 

• For each compact C C M, 

massc(9T) < 00. 

Here dT is the current of dimension k — 1 given by dT{ip) := T{dip). 

Equipping M with a smooth Riemannian metric, the cofiat seminorm || ||'' of a form 
G Vl'^{M) is given by 

II ||^:= max{|| ||o, || dcj) ||o}. 



7 



Given C C M, we put 

II T ||^:= sup{|T(0)| :|| ||^< l,supp C C}. 

This is the restriction to the lattice \k{M) of the flat seminorm relative to C. In the case 
C = M we will omit the superscript. The local flat topology on Ia;(M) is determined by 
the condition that Ti, T2, . . . — T iff 

for every compact C C M. 

Remark. Related to the flat seminorms is the integral flat metric 

J^{T) := inf{massM(^) + massM^S) : G Ifc(M), Se Ifc+i(M), T = R + dS}. 

Clearly 

II T \\^< r{T). 

We now fix an orientation of V and define the conic normal cycle of A to be the 
integral current 

N{A):=PAAV]eUV xV), (4) 

where \V\ denotes the fundamental class of V . By jH], 4.1.14 and 4.1.24, the image of an 
integral current under a proper Lipschitz map is well-defined, and belongs to the class of 
integral currents. Note that ON {A) = dPA*lV} = PA*dlV} = 0. Likewise we define the 

— * — * 

conic conormal cycle N*{A) G IniV x V*) as the image of N(A) under the identification 
V X V ^ V X V* = T*V arising from the euclidean structure. (Note that the image of 
N*{A) under the antipodal map on the V* factor is identical to the characteristic cycle 
of A.) It is easy to see that the supports of N{A),N*{A) are Nor (A), Nor* (A) respectively, 
and that Nor* (A) and N*{A) are independent of the choice of Euclidean metric. 

Recall that }C{V) denotes the metric space of all compact convex subsets of V, endowed 
with the Hausdorff metric. We endow IniV x V*) with the topology of local fiat convergence. 

2.1.3 Lemma. N* is continuous as a map IC{V) — > In{V x V*). 

Proof. Let Ao,Ai,--- G ICiV), with Aj — > Aq. Clearly the nearest point projections 
converge uniformly to paq, hence Pa. Paq uniformly as well. It now follows from the 
discussion in 4.1.14 of 0, and the definition of iV*, that N*{Ai) N*{Ao) in the local fiat 
topology. Q.E.D. 

It is convenient to introduce a different characterization of N*{A). We say that a current 
in \niy X y*) is Lagrangian if it annihilates the ideal of all multiples of the canonical 
symplectic form uj. The terminology is motivated by the obvious fact that ii M (Z V x V* 
is a smooth oriented n-dimensional submanifold then the current given by integration of 
n-forms over M is Lagrangian iff M is a Lagrangian submanifold oi V x V* in the usual 
sense. 

2.1.4 Lemma. If A & ^(Y) then N*{A) is a Lagrangian current. 
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— * 

Proof. If A has smooth boundary and nonempty interior then N*{A) decomposes as the sum 
of two terms. The first is integration over the image of A itself under the zero map V ^ V*. 
This current is obviously Lagrangian. The second is integration over the bundle of outward 
conormal rays to the smooth hypersurface dA. The conormal bundle of a submanifold is a 
classical example of a Lagrangian submanifold, hence the second term is Lagrangian as well. 

As is well known, every element A G }C{V) may be approximated in the Hausdorff metric 
by a sequence Ai,A2, ... of smooth bodies with nonempty interior. By Lemma 12.1.31 the 
conic conormal cycles N*{Ai) converge in the locally flat topology to N*{A). But locally fiat 
convergence implies weak convergence, so the latter current must annihilate the symplectic 
ideal since the the former do. Q.E.D. 

We now recall the main theorem of [TUj . 

2.1.5 Theorem. Let W be an oriented real vector space of dimension n. If f : W ^ M. is 
locally Lipschitz, then there is at most one closed Lagrangian integral current T G In{W xW*) 
such that 

• T is locally vertically bounded, i.e. supp T fl (C x W*) is compact for every compact 
C C W; and 

• if (j) : W X W* -^M. is a smooth compactly supported function and dvolw is a (positive) 
volume form for W , then 

T{(j)7r^dvo\w) = / (j){x,df{x)) dvolw (5) 
Jw 

where ny/ : W x W* ^ W is the canonical projection. 
If f is convex then this T exists. 

Here ttw '■ W x W* W denotes the projection to the first factor. We will call this 
current T the differential cycle of /, denoted here by D{f). 

Remarks. 1. The differential df{x) exists for almost every x by Rademacher's theorem. 
The resulting map df is measurable, so (0) makes sense. 

2. The point is that if / is smooth then the current D{f) is simply integration over 
the graph of the differential df. If / is convex then the graph of the subgradient of / is a 
Lipschitz submanifold of x W* and inherits a natural orientation from that of W; the 
differential current D{f) is then given by integration over the graph of the subgradient. 

3. In fact a stronger form of the theorem is true: the condition that / be locally Lipschitz 
may be replaced by the statement / G W^^^ (i.e. df G Lj^J; and the first condition on T 
may be replaced by the requirement that the restriction T \_{C x W*) have finite mass for 
every compact C G W. 

Sketch of proof . It is enough to show that if T satisfies the first condition, and additionally 
annihilates all functional multiples of Tr^dvolw, then T = 0. The proof of this statement is 
modeled on a well-known fact about smooth Lagrangian submanifolds L G T*W with the 
property that 7rw\L is a submersion: locally, such a submanifold is a fiber bundle over its 
image A C W, with fibers of the form dg{x) + z^^A, where g is a smooth function and i>*A 
is the conormal fiber to A at a; (cf. jl4j). In particular, the fibers are unbounded. A weak 
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form of this description applies to a rectifiable Lagrangian carrier of L on the set of points 
where the projection to W has maximal rank. □ 

Given A G /C(V^), we denote hy Ha'-V* ^M. the support function of A given by 

/iyi(A) := supA(x). (6) 

It is well known, and easy to prove, that is sublinear, i.e. convex and positively homoge- 
neous of degree 1 ^H]. In particular it is Lipschitz, hence differentiable for a.e. y &V* hy 
Rademacher's theorem. In this case the differential dhA{X) G V has a particular geometric 
meaning: 

2.1.6 Proposition. If Ha is differentiable at X & V* , then x := dhA{X) eV is the unique 
•point in A at which A supports A, i.e. such that \{A) C (— oo, A(x)]. 

Proof. [T^, Corollary 1.7.3. Q.E.D. 

2.1.7 Proposition. Let i : V ^ V* V* ^ V denote the interchange map i{x,y) = {y,x). 
IfAe IC{V) then 

t,N*{A) = D{hA). (7) 

Proof. It is enough to check that it,N* {A) satisfies the conditions of Theorem l2.1.5l for f = Ha- 
The first is trivial: since N*{A) is supported in A x V* , it is clear that i^:N*{A) is supported 
in l^* X y4 and hence is even globally vertically bounded. 

To prove the second, we pass to the dual setting using our fixed euclidean structure (■, ■) 
on V . Abusing notation, we again denote hy Ha '■ V the support function 

hA{x) := sup(x,?/). 

Put qA{y) = y — PA^y), and let pi,p2 : V x V V he the projections to the first and 
second factors, respectively. We must show that for smooth compactly supported functions 
Lf-.V xV ^R, 

i^N (A) pI dvolv) = / v{x,VhA{x))dx. (8) 

Jv 

Recalling (jU , the left-hand side may be expressed 

t,PA4V]iippldvo\v)= [ PXt*i^pldvo\v) (9) 

Jv 

= / ^{y -PA{y),PAiy))Plp*2dvolviy) (10) 
Jv 

= / v{QA{y),PA{y))q*Advolv{y) (ii) 
Jv 

= [ viqAiy),VhAiqAiy)WAdvo\viy), (12) 
Jv 

by Prop. 12.1.61 Since q2^{y) is a singleton for a.e. y E V, the desired relation (jHI follows 
from the change of variables formula. Q.E.D. 
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— * 

In fact the inverse map to A^* is also well-defined and continuous: 

2.1.8 Corollary. If A, B e IC{V) and N*{A) = N*{B), then A = B. If Aq, Ai, A2, ■ ■ ■ e 
IC{V) and N*{Ai) — > N*{Ao) in the local fiat topology, then Ai — * Aq in the H aus dor ff metric 
topology. 

Proof. If N*{A) = N*{B), then D^Ha) = D^Hb) by Prop. ITTTl It follows at once that 
dh^ = dhs a.e. in V*. Since a Lipschitz function on a euclidean space with derivative a.e. 
equal to zero is constant, and /lyi(O) = hsiO) = 0, we conclude that Ha = hs- Therefore 
A = B. 

To prove the second statement, note first that all of the Ai must lie within a sufficiently 
large fixed compact subset of V: for there exists a smooth differential form ki on T*V such 
that N*{A){ni) is the mean breadth of A, for all A G /C(V^) (cf. jHj). Thus the mean breadth 
of the Ai converges to that of Aq. But the mean breadth of a convex body dominates its 
diameter, so we conclude that the diameters of the Ai are uniformly bounded. Furthermore 
there exists another smooth differential form kq such that if : V — >■ M is a smooth compactly 
supported function whose restriction to Aq is equal to 1, then A^*(Ao)(7r*0Ko) = 1 where 
vr: T*V V is the canonical projection. Thus N*{Ai){Tt*(f)HQ) 7^ for all sufficiently large 
2, and in particular Ai = 7r(supp N*{Ai)) has a nonempty intersection with supp for such 
i. 

Thus the Blaschke Selection Theorem implies that there exists a subsequence Ai/ converg- 
ing in the Hausdorff metric to some Bq G }C{V). By Lemma r2.1.31 N*{Ao) = limj/^00 N*{Ai/) = 
N*{Bq)] by the assertion above, Aq = Bq. Since this outcome is independent of the chosen 
convergent subsequence it follows that the entire sequence of the Ai converges to Aq. Q.E.D. 

2.1.9 Proposition. If f , g , mm{f , g) : W W are convex, then 

D(max(/, g)) + D(min(/, g)) = D{f) + D{g). 

Proof. It is enough to show that D{f) + D{g) — D(mm{f, g)) satisfies the conditions of 
Theorem 12. 1.51 with / replaced by the function max(/, g). All of them are immediate except 
for the last one, and for this it is enough to show that 

{d(max(/,5f))(a;),(/(min(/,5())(a;)} = {df{x),dg{x)} 

for a.e. x E W at which all four differentials exist (which happens a.e. in W by Rademacher's 
theorem) . 

This is obvious when f{x) 7^ g{x). On the other hand, let E denote the set of points x 
such that f{x) = g{x) and both of /, g are differentiable at x. By classical measure theory, E 
has density 1 at a.e. point x E E. If x is such a point, then clearly df{x) = dg{x). Therefore 
this common value is also equal to both dma:x{f,g){x) and dmm{f,g){x). Q.E.D. 

2.1.10 Corollary. If A,B,AU B e IC{V) then 

N*{A UB) + N*{A nB) = N*{A) + N*{B). (13) 

Proof, li AU B E ICiV) then Haub = max(/i^, Hb) and hAnB = min(/i^, Hb). Therefore (fTSj) 
follows at once from Props. 12.1.71 and 12.1.91 Q.E.D. 
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It is sometimes convenient to consider instead the (non-conic) normal cycle N{A) in 
the tangent sphere bundle V x S{V), and the corresponding conormal cycle N*{A) in the 
cotangent ray bundle V x F^{V*). To define N{A), let r : V ^ [0, oo) denote the length 
function induced by the fixed euclidean metric. Then 

N{A) := ((iV(A), r o p,, 1)) e x S{V)), (14) 

where {T,f,c) denotes the slice of the current T by the function / at the value c (cf. jH], 
4.3) and g : V x {V — {0}) ^ V" x S{V) is the normalizing map {x,y) t— > {x, y^). Note that 
the slicing operation is well-defined for a.e. c whenever T is an integral current and / is a 
Lipschitz function whose restriction to the support of T is proper, and may be thought of 
as the intersection of T with the level set /~^(c). In the present case the slice is well-defined 
at every value of r since, putting 9c{x, y) := (x, cy) for c > 0, 

{N{A),r,a) = e,,{N{A),r,-) 

c 

— this in view of the facts 

e,.N{A) = N{A), 
r o 6c = cr 

and the general formula 

{KT, f,c) = K{TJo h,c) 

(cf. i, 4.3.2(7)). 

The conormal cycle N*{A) is then the image of N{A) under the natural map V x S{V) — >■ 
V X P_|_(\/*) induced by the euclidean metric. It is clear that N*{A) does not depend on 
the choice of this metric. Recall that V x P_|_(\^*) carries a natural contact structure, and a 
choice of metric even determines a particular global contact 1-form. The current N*{A) is 
Legendrian in the sense that it annihilates every element of the ideal generated by any such 
1-form. 

The conic normal cycle may be reconstructed from the normal cycle in a canonical way. 
Given a manifold M, put Il{M) for the space of all compactly supported integral currents 
of dimension k on M, where the topology on this space is determined by the condition that 
Ti ^ Tq E Ife(M) iff Tj — > To in the local flat topology and all of the Tj are supported in a 
single compact set C C M. Deflne f : V x S{V) xR ^ V xV hj f{x, v; t) := {x, tv). Deflne 
also g : V X W —y V hj g{x,t) := tx and put h : V x S{V) —>■ V for the projection. Now 
deflne 7 : r^-iiV x S{V)) IniV x V) by 

7(T) := /, (T X [0, 00)) + g,{KT x |0, 1]) x |0l. (15) 

Since / is proper this map is continuous in view of the topology given above on I'^-i- If 
dT = then the flrst factor in the second term above may be characterized as the unique 
compactly supported current in V with boundary equal to h^T. 

2.1.11 Proposition. If A e IC{V) then -f{N{A)) = N{A). 
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Proof. For r > 0, put Ar := {x e V : dist (x, A) = r}. Then N{A) = Pa*IAi] and 
the map Q : {x,t) ^— > t(x — Pa{x)) + pa{x) is an orientation-preserving locally biLipschitz 
homeomorphism Ai x (0, oo) ^ V \A. These maps satisfy the relations 

PAoQ = fo{PAXid), 

ho Pa= Pa- 

Therefore 

KN{A)=pAAM=dlAl 
and, using the characterization above of the second term in (fTH|l . 

N{A) ■.= PaAV\ 

= PaAA\+PaAV\A\ 

= IA\ X |0]+PA*g4^i X (0,oo)] 

= gMA\ X [0, 11) X |01 + /. (P^4^il X [0, oo]) 

= g.{KN{A) X |0, 11) X |0l + /, {N{A) x |0, ool) , 

as claimed. Q.E.D. 

It is immediate from the definition that the normal and conormal cycles share the basic 
properties of their conic counterparts described above. For brevity we give the explicit 
statements only in the conormal case: 

2.1.12 Proposition. N* is a continuous injection KL{V) — > x P_,_(V"*)), and the 
inverse map (defined on the image) is continuous, where the topology on I„_i(y x P_|_(\/*)) 
is the local flat topology. N* is a valuation in the sense that if A, B, A U B G IC{V), then 
N*{A UB) + N*{A nB) = N*{A) + N*{B). 

Put for the normed space of all C^-smooth differential forms (p of degree n — 1 on 
{V X F+{V*)), with finite coflat norm. The preceding discussion yields the following. 

2.1.13 Theorem. The map IC{V) x given by 

{A,<j>)^N*{A){<p) 

is continuous. 

Remark. The space may be replaced by the space of all flat cochains (cf. [201 5 P- 
233) with finite coflat norm . 

Proof. Suppose Ai, A2, . . . ^ Aq in ICiV) and 0i, 02, 0o in Ci^- By Prop. 12.1.121 given 

e > there is M e N such that 

II N*{A,)-N*iAo)) \\,<e, 
II 4>i - 00 ir < £ 
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for i > N. Thus 

|iV*(A,)(0.) - iV*(Ao)(0o)| < |iV*(A,)(0.) - N*iAo)m + \N*{Ao)i(|>^) - iV*(Ao)(0o)| 

<|| N*{A,)-N*{Ao) lUI 0, ||^+mass(iV*(Ao)) || 0. - 0o ||o 
< 00 11^ + € + massN*{Ao)), 

which proves the desired assertion. Q.E.D. 

2.2 Normal cycles for more general sets. 

Normal cycles are also available for a wide class of sets other than convex ones. First let us 
define it in the class of sets presentable as finite unions of convex compact sets. Let 

X = ul,A, A, e }C{V). (16) 

Set 

N%X) := Yl (-l)'"+'Ar*(n,,M.), 

/C{l,...,Af},/^0 

N*{X) := (-l)"""'Af*(n,eM,). 

IC{l,...,N},I^Q 

Using Corollarv 12. 1 . 1(JI it is easy to check that the definitions of N*{X) and N*{X) do not 
depend on a choice of presentation (fT^. 

Let us define N*{X) and A^*(X) where X is a compact smooth submanifold with bound- 
ary. For any point x G X let us define the tangent cone to X at x, denoted by T^X, the 
set 

T^X := E TxV\ there exists a — map 7: [0, 1] — X such that 7'(0) = 

It is easy to see that T^X coincides with the usual tangent space if x is an interior point of 
X, and it is a halfspace if x belongs to the boundary of X. Define 

Nor*(X) := U.^x - {T^Xy (17) 

where for a convex cone C in a linear space W one denotes C° its dual cone in W*: 

C° := {y e W*\y{x) > for any x G C}. 

Clearly Nor*(X) is invariant under the group M>o of positive real numbers acting on the 
cotangent bundle T*V by multiplication along the fibers. The sets Nor(X) and Nori(X) are 
now defined as in Definition 12.1.21 

The corresponding current X*(X) is more naturally constructed in the more general 
context of semi-convex sets X (cf. ^T], ^j). Put px '■ -^[o,r) X for the nearest point 
projection to X, defined for the set X^Q^r) := {x E V : dist (x, X) < r}, where r := reach(X) 
of X, and Px{x) := {px{x),x —px{x)). Put 

iV'(X) := Px4Xio,r)l 
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where the domain X^q^j.) inherits its orientation from V. Choose a diffeomorphism / : [0, r) 
[0, oo), and put F{x, v) := (x, |)^). Now put 

N{X) := F,N'{X). 

^From this current we may construct the currents N*{X), N{X), N*{X) as in the remarks 
surrounding p4|) . It is easy to see that if X is convex then these definitions of N*{X) 
and N*{X) coincide with the previous ones. Furthermore supp N*{X) = Nor*(X) and 
supp N{X) = Nori(X). 

The normal cycle of subanalytic subsets was defined in using tools from geometric 
measure theory (in fact Thm. 3.2 of ^H] gives a unique characterization of the normal cycle 
of an arbitrary compact set in R", dual to Thm. I2.1.5|) . A similar notion of chacteristic cycle 
of subanalytic subsets was introduced independently in [15j using tools from sheaf theory. 

Conormal cycles transform in a natural way under diffeomorphisms. We will only need 
this fact in the smooth case: 

2.2.1 Lemma. Let X G V be a compact domain with smooth boundary, and U D X an 
open neighborhood. Let f : U W G V be an orientation-preserving diffeomorphism, and 
put f -.U X F+{V*) X F+{V*) be the natural lift of f defined by 

fix, [A]) :={f{x),[{f-rM)- 

Then 

hN*iX) = N*if{X)). 

Proof. It is clear that / maps the manifold of outward conormal lines to dX diffeomorphically 
onto that of f{dX) = df{X). The cycles N*{X) and N*{f{X)) are the fundamental classes 
of these manifolds, and therefore f^,N*{X) = ±N*{f{X)). To see that the sign is positive, 
we note that the orientations of the fundamental classes are determined by the relations 

PuN*{X) = dlX], puN*{f{X)) = dlf{X)l 

Since / preserves orientation by hypothesis, 

Puf.N*{X) = f^dlXj = dlf{X)j =puN*{f{X)), 

which establishes the claim. Q.E.D. 

M. Zahle has proved the following fundamental approximation theorem: 

2.2.2 Theorem. Let X C V be a compact domain with smooth boundary. There exists a 
sequence of polyhedra Pi, P2, ■ ■ ■ gV such that 

lim N{Pi) = N{X). 
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Proof. This is [25, Theorem 1. The proof given there may be simphfied as follows. 

One may show, along the lines of j2I] or ^21, that there exists a sequence of polyhedra 

Pi and a constant C < oo such that 

mass(A^(P,)) < C, (18) 
supp N{Pi) -> supp N{X), (19) 

m m. (20) 

Clearly the relation ^ imphes that (9[PJ ^ 

By the compactness theorem for integral currents ( JH]) and the constancy theorem (0, 
p. 357), the relations (fTH|l and (fT^ imply that there is a subsequence N{Pi') kN{X) for 
some integer fc. Thus dlPi>j = 7r,A^(Pi/) kTT^N{X) = kdlXj, so ((201) implies that k = 1. 
Since this is independent of the subsequence chosen, the result follows. Q.E.D. 

2.2.3 Corollary. In the scenario of Theorem \2. 2. 'J we have also 

lim N{Pi) = N{X) 

i—foo 

Proof. This follows at once from Theorem 12 . 2 . 21 and Prop. 12.1.111 since the map 7 occurring 
there is continuous. Q.E.D. 



3 Auxiliary results. 

The goal of this section is to prove some technical results which will be used in the construc- 
tion of the product on valuations in Section |3J The main results of this section are Lemmas 
imniim^ and Proposition EUSI 

Let V be an n-dimensional real vector space. As usual we fix a Euclidean metric on V. 
In this section we will also fix a compact smooth n-dimensional submanifold with boundary 
X' G V X V which projects diffeomorphically onto its images in V under both projections 
Pi,P2- V X V V . We also fix a compact submanifold with boundary X C X' such that 
X n dX' = 0. We will denote throughout this section 

p,,P2:X'-^V 

the restrictions of the projections pi,p2 respectively to X'. 

For a domain Q G V with smooth boundary let us denote by ki{Q, s), . . . , kn-i{^, s) the 
principal curvatures at a point s G dQ. 

3.1.1 Lemma. Let Ai, . . . , (Z V be compact strictly convex subsets with smooth bound- 
aries. Then there exists a constant C > (depending on these subsets) such that for any 
Ai, . . . , Afe > with Yl'i=i -^4 = 1 one has for any 1 < I < n — 1 

k 

^<A;KX^A,A„s)<C 

1=1 

for any s G d{Yli=i AjAj). 
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Proof. For convenience let us fix on V an orthonormal coordinate system (xi, . . . , x„).The 
principal curvatures ki{A) of a strictly convex compact set A can be estimated from both 

sides via the eigenvalues of the Hessian of the supporting functional HcssQia) '■= (^ at ) 

stricted to the tangent bundle to the unit sphere TS^~^. Let us denote by Hi := ifess(/iAj |t5"-i, 
i = 1, . . . , fc. 

Let us denote by c' and C the minimum and the maximum respectively over the unit 
sphere S*""^ of all the eigenvalues of all HiS. Then clearly < c' < C" < oo. Then 

i i i 

The lemma follows. Q.E.D. 

3.1.2 Proposition. Let 5q,5i > be given. Suppose X G V is a compact subset with 
reach(X) > 6o. Suppose also that A G V is a strictly convex compact set with smooth 
boundary, containing the origin in the interior, and such that all principal curvatures ki of 
dA satisfy ki> 5i. Then for any < e < 5q5i, the map 

given by 

iA,e{p, n,t) =p + e ■ tS/hA{n) 
is a homeomorphism of N{X) x (0, 1] onto (X + eA)\X . 

For the proof we will need the two assertions, both known, of the following lemma. 

3.1.3 Lemma. • //reach(X) > 6q and rii G Nor(X,Xi),i = 0,1, with |no| = \ni\ = 1, 
then 

{xi - Xo,ni - no) > -Sq'^\xi - Xo\^. (21) 

• Let A be a convex body with smooth boundary, with all principal curvatures ki > 6i. 
Suppose Xi G OA, with outward normals Ui, i = 0, 1. Then 

(xi - Xo,ni - no) > - xol^ (22) 

Proof. The first assertion follows at once from [8J, Theorem 4.8 (7). 

The second assertion may be deduced as follows. It is easy to see using Schur's theorem 
([7j) that if i? is a ball of radius (5f ^ passing through xq, and with outward normal hq there, 
then B ^ A. On the other hand an elementary calculation shows that (no, XQ—p) > yip— XoP 
for every p E B. In particular (no,Xo — Xi) > ylxi — Xop. Adding this to the analogous 
inequality for xi gives (j221)- Q.E.D. 

Proof, (of Proposition I3.1.2|) The proposition is equivalent to the assertion that if r < SqSi 
then there is no translate p — rA of r{—A) with interior disjoint from X and intersecting X 
in two distinct points. 

Suppose there is such a translate, with Xo,Xi G X n {p — rA), xq ^ X\. Let := 
r^^ij) — Xi) G dA, and let be the outward unit normals to A at Oj, i = 0, 1. By ()22|). 

r~^(xo — x\, n\ — no) = (ai — ao, n\ — no) > 5i|ai — aop = b\r^'^\x\ — xop, (23) 
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or 

(xo — Xi,ni — hq) > r'-^Silxi — Xq^. (24) 
On the other hand it is clear that the rii G Nor(X, Xj), so ()2H1 gives 

{xo - xi,ni - no) < Sq^\xq - xi\^. (25) 

Thus r > 6061, as claimed. Q.E.D. 

Recall that we denote by L the (real) line bundle over P+(V*) whose fiber over / e 
P+(K*) is equal to the space of M-valued linear functionals on I. Let us denote by Ti. := 
C°°(P+(y*), L) the Frechet space of C°°-smooth sections of L. Clearly 7i coincides with the 
space of smooth functions on y*\{0} which are homogeneous of degree one. 

3.1.4 Lemma. Consider the maps 

i-.UxV X ¥+{y*) X [0,1] ^ V 

defined by 

^{h,p,n,t) =p + t-Vh{n), (26) 

and 

E-.Hx C'^{V,\uv\) ^C°°iV X F+{V*) x [0, 1], fi" ® p*o) 

defined by 

where ^{h, ■):Vx F+{V*) x [0, 1] ^ V is defined by H^). 

Then S is an infinitely smooth map (of infinite dimensional manifolds), and it is linear 
with respect to the second argument. 

Proof is obvious. Q.E.D. 

For G Z+ let us denote by S^, ^ times the k-th differential of S at with respect to 
the first argument. Namely for hi, . . . , hk E T-C,ri E C°°{V, 

Thus 

Sfe: X C^{V,\uJv\) ^ C^{V xf>+{V*) X [0, 1], fi" ® p*o) 

is a continuous map linear with respect to all + 1 arguments. 

By the L. Schwartz kernel theorem, extends canonically to a continuous linear operator 

Sfc: C°°(r X {¥+{y*)f,\oJv\^L^^) ^C^iV x P+(\/*) x [0, 1], fi" ® p*o). (27) 

(Note that we denote this operator by the same letter S^.) 
Let us also denote 

e : C°°(y X ¥+{y*) X [0, 1], fi" ® p*o) V^iV) (28) 

the canonical map given by integration with respect to the normal cycle times the segment 
[0, 1]. Namely (e(^))(P) = /^.(p^^jo,,, a; for any P G V{V). 



3.1.5 Lemma. Let ip G V°°{V). Assume that there exist A; G N, sequences of smooth 
densities {f^N}'N=i ^ (V, \u!v\) , and {-Biv}|^=i C JCiV), i = l,...,k, of strictly convex 
compact sets with smooth boundaries, containing the origin in the interior, and such that 

1 ) for any compact subset T G V and any L G N 

oo k 
N=l i=l 

2) for any K G Kiy) n Viy) one has 

oo k 
N=l 1 • • • j=i 

Then one has 

oo 

where the last series converges in the space V°°{y). 

Proof. The inequality (pUj) implies that the series Yl^=i I^n ^h^i^® ■ ■ ■ ® h^k^ converges 
in C^iy X {¥^{y*)Y, \ujv\ Kl LP^). Hence the series in the right hand side of (jHH) converges 
in V^iy) due to the continuity of 9 and S^. Let us denote its limit by ip' . 

By Lemma 2.4.5 of [5^ any smooth valuation is defined uniquely by its values on sets 
from lC{y) n V{V). Hence it is enough to check that for any K G KLiV) fl V{V) one has 

i){K) = i)'{K). 

By continuity we may assume that 

4 = 1 

for any K G K.{V) n V{V), and thus ^' = {Q o Ek){n ® /i^i ® ■ ■ ■ ® hek). 

Fix K G }C{V)nV{V). By LemmaEZUand Proposition lTT^ the map Nori(K) x (0, 1] ^ 
V given by 

k 
i=l 

is a homeomorphism of Nori(_ft') x (0, 1] onto (K + XlLi KB')\K for < Ai, . . . , Afc ^ 1. 
Hence 

fi{K + y2^^B')=fi{K)+ / (e(VA,V/iBO)> = M^)+ / H(VA,/iB.,/i). 

i=l JjV*(/Ox{0,l] J7V*(ii-)x(0,l] i=i 

Hence 

= / Sfc(/iBi,...,/iB^,/i) = ((eoHfc)(^®/iBi®---®/iBfe))(ir) = V''W. 

Jn*(K)x[0,1] 

Q.E.D. 

We will also need the following simple lemma. 
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3.1.6 Lemma. For any subsets TcVxV,A,BcV, and any xq G V one has 

{T + {Ax B)) n ({xo} xV) = {xo} X (p2(T n p^'l^^o - A)) + B). 
Proof. We have 

(T + (A X B)) n ({xo} xV) = ((T + (A X {0})) n ({xo} X V)) + ({xq} x B). 

Then we have for any y EV 

(xo, y) G (T + (A X {0})) n ({xo} X F) ^ 
3x G V3a G A s. t. X + a = Xo and (x, y) E T <^ 
3x G \^ s.t. (x, y) eTn Pi^{xo - A). 

The result follows. Q.E.D. 

In general we will denote by || ■ ||o the Co-norm of a map. 

3.1.7 Lemma. Let V,V' cV be compact domains with smooth boundaries, and g: V^V 
be a diff'eomorphism. Let K (Z V be a compact convex subset, and put S for the distance 
from K to the complement ofT>. Then 



reach ^^(ir) > min |^ || D{g-^) %\ \\ D{g-') \\^^ \\ D^g \\^'^ . 



(32) 



Proof. Suppose reach < | || D(g ^) ||q^. Let e > be given. Then there exist 
points q eV and Xq, Xi E K, Xq ^ Xi, such that 

6 

II ; 1/ r,—^ \ I, 

lO ' 



\q - g{x,)\ = d\st {q,g{K)) < - \\ D{g-'' ""^ 



\q — g{xi)\ < reach. g{K) + e, i = 0,1. 

We may assume for simplicity that xo = 5'(xo) = 0. The mean value theorem implies that 
the distance from g{K) to the complement of V is at least 5 \\ D(g^^) \\q^> 2|g|, so by the 
triangle inequality the line segment joining to g{xi) lies in V. 

Since and g{xi) both lie on the sphere of radius |g| about q, it follows that 

(g,^7(^i)) = ^^>^ ll^(r^)llo^ (33) 

by the mean value theorem. Abbreviating L := Dg{0) and letting L be its adjoint, it is clear 
that L{q) G Nor(ir,0). Thus by 

^ II Dig-') llo 2 < (L(xi), g) + ig{x^) - L(xO, q) 

= {xi, L{q)) + (^(xi) - L(xi), q) 

< {g{xi) - L{xi),q) 

< ^ II D'g llo \q\ 

by Taylor's theorem and the Cauchy-Schwartz inequality. Thus 

reach^(ir) + £> |g| >|| D{g-') \\,^ \\ D^g \\,' . 

Q.E.D. 
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3.1.8 Lemma. Let X G X' G V x V be submanifolds as in the beginning of this section. 
Assume moreover that pi{X) is convex. 

Then there exists S > (depending on the C'^-norm of the map {p2 ° Pi^)\pi{X') (md its 
inverse, and the distance from X to dX' only) such that for any A G K,{y) and any x & V 
the set (X + (A X {0})) fl ({x} x V) is either empty or has reach at least 6 as a subset of 
{x} X V. 

Proof. Lemma f3. 1.61 and the assumptions imply that 

(X + (A X {0})) n{x}xV = {x} X o^r')(Pi(X) n (a; - A)). (34) 

Now the proof follows immediately from Lemma f3. 1.71 Q.E.D. 

/,From Lemmas 13.1.61 and 13.1.81 we deduce immediately the following corollary. 

3.1.9 Corollary. Let X G X' G V x V be as at the beginning of this section. Assume that 
Pi{X) is convex. 

Then for any x & V and any ip G V°°{y) one has 

^((x + {Ax {0})) n ({x} X V)) = Hp, o p~%i;) (pi(x) n (x - A)) 

where pi,p2'. X' V are the restrictions of the projections pi,P2 to X'. 

3.1.10 Lemma. (1) The function 

7: V°°{V) X C°°{V, \ujv\) X k:{v)''+^ X ^ c 

defined by 



fi;K,A\...,A'';X,,...,Xk)^ [ <P{K n {x -y^\A'))dfi{x) 



with (p G V'^{V),fi G C°°{V, \uj\), {K,A\ ...,A'')e IC{V)''+\ Xi >0, is a continuous func- 
tion which IS -smooth on V^{V) x C°^{V, \uj\) x M^q for fixed {K, A\ . . . , A'') G }C{V)''+\ 
(2) Fix R > 0, k E N. Then there exist a constant C , a positive integer L G N, and 
continuous seminorms || ■ || and \ \ ■ \\' on V^iV) and C'^(y,\uJv\) respectively depending 
on n, k, and R only, such that for any strictly convex compact sets A^, . . . ,A^ with smooth 
boundaries, and any K G KHV) such that K is contained in the centered Euclidean ball of 
radius R, one has an estimate 



Qk 



[ <PiKn{x-Y, \A'))dfi{x) I < 1 101 1 ■ I r ■ n I I^A- \\cHS"--y (35) 



Proof. By Theorem 11.3.21 there exists a continuous epimorphism of Frechet spaces 
r : ©^^0 X F+{V*)\ \ujv\ M L^^) SV {V){^V°^ {V)) 
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which is uniquely characterized by the property that for any K G /C(V^), any strictly convex 
compact sets with smooth boundary Ai, . . . , A^, and any u G C°°(V, jcuy |) one has 

By the Banach inverse mapping theorem the map T induces an isomorphism of Frechet 
spaces 

{®1^qC^{V X P+(l^*)^ \uJv\ K L^'')) /KerT^SViV^i^V^iV). 
Let us consider the composition of 7 with T. Thus for any < / < n we get a map 
7;': X F+{V*y, \ujv\ K L^') X C°°(r, X /C(r)'=+^ X R^o ^ C. 

Consider also the canonical (/ + l)-linear map 

C^iV, \uj\)x (C°"(P+(V), L)y -> X F+{V*y, \uj\ M L^^). (36) 

Composing T^' with the map (jHUI) we get the map 

ry-. |cu|) X (C°°(P+(V*),L))' X C~(l^, |cj|) X K{Vf+^ X R^o ^ C (37) 

which is uniquely characterized by the following property: 

for any ^,1^ E C°°(y, \ujv\), any B^, . . . , 5' G ICiV) being strictly convex compact sets with 
smooth boundaries, and any K, A^, . . . & ^(^) one has 

r/'iiy; hei,..., her, fi; K;A\..., Ai, . . . , A^) 

k I 

dn{x). 

i=i 3=1 J 

Using the L. Schwartz kernel theorem it is easy to see that in order to prove Lemma 
13.1.101 it is enough to show that for any < / < n the map T^" has the following properties: 

(1) V is C°°-smooth for fixed K, A^ , . . . , A''; 

(2) for any i? > there exists a continous semi-norm || ■ || on C°°(V, \oJv\) such that 
for any K G K^iV) contained in the origin symmetric Euclidean ball of radius i?, and any 
strictly convex compact sets with smooth boundaries Bi, . . . ,Bi & ^(^) one has an esimate 

Qk 

\— —lT^"{ly■,B^,...,Br,^i;K,A,,...,Ak■,Xl,...,Xk)\ < (38) 

k I 

- 11/^11 ■ n ■ n 
i=i j=i 

In order to prove the last inequality let us observe that for fixed Ai, . . . , A^ > 

„ / fc « \ k I 

where A : V V xV is the diagonal imbedding. Now the inequality follows from Corollary 
11.2.21 Corollarv 11.2.21 implies also the smoothness of T,". Q.E.D. 
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3.1.11 Lemma. Let X G X' G V x V be as at the beginning of this section. Assume that 
Pi{X) is convex. Let A G }C{V). Let 

ip = {Qo Ei){h' (g) Hbi ® ■ ■ • ® h^i) 

where B^,...,B'^ are strictly convex compact sets with smooth boundaries and containing 
the origin in their interiors. Let fi, v be smooth densities on V. Then there exists e > 
depending on X and X' only such that the function f: [0,ef — > C defined by 

I 

2=1 

is C°° -smooth. Moreover 

' f{fiu...,fii)= / {{piop-'),ij){p,{X)n{x-A))d^i{x). (41) 



Proof. Let us choose e > such that for any x G V" the map 

N{{X + Ax {0}) n {{x} X V)) X (0, 1]^V 

given by (p, n,t) i— > p + 1 Yl\^i jJiVhsi (n) is a homeomorphism of N{(X + Ax {0}) fl ({x} x 
V)) X (0, 1] onto its image 



P2 



{{x + Ax {0}) n ({x} xV)) + J2 ^^^B' \ (P2((x + Ax {0}) n ({x} x v))) 



i=l 



for < /ii, . . . , fii < e. Such an e exists due to Lemmas 13 . L 81 ITTTTl and Proposition 13.1.21 
Let us denote 

/(/ii, . . . , /iO := (/i K u){X + {Ax{Y^ f,,B^))). 

i=l 

We have 

^ dfi{x)u ^((X + Ax {0}) n ({x} X V)) + {x} X (J2 ^^^B')j = 



d^{x) / ^(V^i/i 

x£V J N({X+Ax{0})n{{x}xV))x[0,l] 



i=l 



xeV JN({X+Ax{0})n{{x}xV))x[0,l] 



where r]^^,...,^, := ^^(X]!=i ^- Consider the natural projection 

q:Vx F+{V*) x [0, 1] ^ ^ x F+{V*). 
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Set 

(here g^, denotes integration along the fibers). Using Lemma [2.2. II and the relation (j34p . we 
compute 

fifii,...,fii)= (42) 
Mx) / = (43) 

x£V J N*{{X+{Ax{0}))n{{x}xV)) 



xGV J(piop-i).Ar*(pi(X)n(x-A)) 



Mx) / (Pi oP2^) (45) 

x€V J N*{pi{X)r\{x-A)) 



Here (pi op^^) denotes the natural lift of the diffeomorphism pi o to x ¥^{y*). It is 
easy to see that the map — > C°°{y x P+(V^*), (g)]9*o) given by (/ii, ...,///) ^^ ^miv-,w 
is C°°-smooth. This and Lemma [3.1.10^ 1) imply the first statement of the lemma. 

Let us prove the second statement. Observe that for any compact semi-convex (= positive 
reach) subset Y G V 



N(Y) 



Hence 

Ql 



Q.E.D. 

3.1.12 Lemma. Let G V°°{V) be a smooth valuation of the form 



iP = {QoEi){Y^UN^hBi^^---^hBiJ (46) 



N=l 



with {i^n} C. C°°{V, \ujv\) being smooth densities, and B^j^ G ICiV) being strictly convex 
compact sets with smooth boundaries, containing the origin in the interior, and such that for 
any compact subset T gV and any L G N 

oo I 

X] \ Wn\\cl(t) Yl\\hB}^\\cL{S"-^) < oo- (47) 

N=l i=l 

Let A G IC{V). Let /i G C°°(V, \ujv\)- Let X C X' C V x V be as in the beginning of this 
section. Assume that p\{X) is convex. 
Then the series 

oo r\l I 
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converges absolutely and its sum is equal to 

{{Pi °P2')*^) (PiiX) n{x- A))dfi{x) (49) 



where as previously Pi,P2'- X' ^ V are the restrictions of the projections pi,P2 to X' . 



Proof. If the sum in fl46|) is finite then the statement follows immediately from Lemma 
13.1.111 Next let us observe that the expression ()49|) is continuous with respect toip E V°°{V). 
Hence it is enough to check that the series PHj) converges absolutely. 

Let us denote 

tpN ■= (0 O 2z)(z/Ar (g) Hbi^ O ■ ■ ■ (g) h^ij. 

By Lemma f3 . 1 . 1 II we have 

oo rj; ' 

S ^i^N)iX + Ax (5^/i.i?^)) = (50) 

oo „ 

Yl / {iPi°P2%^N) {pi{X) n (,T - A))dfi{x). (51) 

It follows from the assumption (jTTj) that the series J2n=i converges absolutely in V°°(y). 
Hence the series ^^=i(pi °P2'^)*4'n converges absolutely in V°°{pi{X')). 
Q.E.D. 

3.1.13 Proposition. Let X G X' G V x V be as at the beginning of this section. Assume 
moreover that pi{X) and p2{X) are convex. Fix 6 > 0. Then there exists Eq > depending 
on 6, the C'^-norm of the map {p2 ° Pi^)\pi{x') o^nd its inverse, and the distance from X 
to dX' only such that the following properties are satisfied. Let A = {A^,...,A'') and 
B = {B^, . . . , B^) be any k- and l-tuples respectively of strictly convex compact subsets in V 
with smooth boundaries, principal curvatures between 5 and 1/5, and containing the origin 
in their interiors. Let fi, v be any smooth densities on V . 

(1) Then the function 

k I 

fAAK . . . , Afc; /ii, . . . , fii) := (12 mu){X + {J2 Yl 1^^^')) 

i=i j=i 

is -smooth for (Ai, . . . , Ajt; yUi, . . . , /i^) G [0, e]^^' for any Q < e < Sq and such that Pi{X) + 
eY.^A'G pi(X') and p2{X) + e B^ C p2{X'). 

(2) There exist continuous semi-norm || • || on C°°(y, \i^v\) o-nd a positive integer L G N 
depending on X, X', k, I only ( and independent of A, B, fi,!/) such that 

Qk+l 



dXi... dXkdfii ...dfii 



./yt,B(Ai, . . . , Afc; /ii, . . . , /i/) < 



cii/^ii ■ \H\ ■ Yi\\hA^\\cL{s"~^) ■ n 
1=1 j=i 



I 

~ Bi I |C^(S"-i)- 
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Proof. Similarly to the proof of Lemma f3.1. Ill let us denote 



VB,^u-,,^ := (^EMbm-))*^ e C^iV X P+(y*) X [O,l],l]"®p*o) (52) 

i=l 

where as previously q: V x F+iV*) x [0, 1] ^ x F^{V*) is the projection, and denotes 
the integration along the fibers. 

First let us prove part (1) of the proposition. Exactly as in ()45|) we have 

Jx&V ^Af(pi(X)n(x-E,A,AO) 

LemmaEHiHimplies that fj}s,^ii,...,^j.i depends smoothly on (/ii, . . . , ^i) G [0, and on /i^i, . . . , h^i G 
C°°(S"-i). Hence 



also depends smoothly on (/ii, . . . , /i^) G [0, e]' and on /i^i, . . . , /i^i G C°°(S'" ^). Thus 



/Ae(Ai,...,Afe;/ii,...,/ii) = / d^i^x) j C8,/.i,...,w 

Then by Lemma iH.l.lor i) the function /_4_b is C°°-smooth in (Ai, . . . , A^; /ii, . . . , /i;) G 
[Oje]^"*"'. This proves part (1) of the proposition. 
Let us prove part (2). Let us denote by 



Then G C°°(y x P+(l^*), fi""^ ®p*o). Moreover cxg depends continuously and linearly on 
each G C°°(5''^~^). Then for any M G N there exist a compact subset T' C l^, L G N, 
and a constant C such that 

I 

(54) 

We have 

' Jyi,B(Ai,...,AA:;Aii,...,/iO = / dnix) [ 



C/ii . . . C/i/ Jj-gy JAf(pi(X)n(a;-$:- AiA^)) 

(note that the differentiation under the the integral is possible due to Lemma f3.1.10f m. 

Hence by Lemma f3.1.1(jr 2) there exist continuous semi-norms 1 1 ■ 1 1, 1 1 ■ 1 1' on C°°(pi(X') x 
P+(y*),fi"-^ ®p*o) and C°°(V, \ujv\) respectively and L' G N such that 

Qk+l 

V-4,8(Ai,...,Afc;/ii,...,AiO| < (55) 



9Ai . . . Afc(9/ii ...d^ii 



by il 



i=l 

k 



1=1 j=l 
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Note that the semi-norms || ■ ||, || ■ ||', and the constant C in (|Ffj) are independent of A^B. 
This proves part (2) of the proposition. Q.E.D. 

3.1.14 Lemma. Let Y he a smooth n-dimensional manifold. Let fi,f2'- Y be two 

smooth maps which map Y diffeomorphically onto open subsets fi{Y),f2{Y) C M". Let 
(j) G V°°{Y). Assume that 4>{K) = for any compact domain K cY with smooth boundary 
such that both fi{K) and f2{K) are convex. 
Then = 0. 

Proof. Suppose that 0^0. Let i be the integer such that G Wi\Wi+i. 

Let K G Y he a compact domain with smooth boundary such that fi{K) C M" is 
strictly convex. Let us show that for any yo &Y the set /2(/r^(/i(l/o) + is convex 

for < £ <^ 1. For simphcity of the notation and without loss of generality we may assume 
that Y = fi{Y) and /i is the identity imbedding. Also we may and will assume that 
f2iy) = y + 0{\y - yoH as ?/ ?/o, and y^ = 0. Then 

= y + 0[e) as £ 0. 

e 

But since K is strictly convex it is clear that from the last formula that •^^'■^'^^ is also convex 
for < £ < L 

Now let us deduce the lemma. Fix K G Y a. compact domain with smooth boundary 
such that fi{K) is strictly convex. For < e <^ 1 the set f2{fi^ifiiyo) +£fi{K))) is convex. 
Hence the assumption of the lemma imply that 

hm J-0(/r^(/i(l/o)+e/i(ir))) = O. 

Hence G VFj+i. This is a contradiction. Q.E.D. 



4 Construction of the product. 

Let X be a smooth n-dimensional manifold. Let 0,'0 G V°°{X). We are going to present a 
construction of a product ■ ip which a priori will depend on some choices, and then we will 
show that the product is in fact independent of these choices. 

Let U C X be an open subset. Let /: U-^W^ be a diffeomorphism. It was shown in 
Corollary 3.1.7, that f^cf) can be written (non-uniquely) as 

/*0 = 00 + ■ ■ ■ + 0n (58) 

with G Wn-j{^^), and there exist sequences 

C C°^(M", M). 0<j<n; (59) 
K^}^=iC/C(M"), l<«<j<n (60) 

being strictly convex compact domains with smooth boundaries and containing in their 
interiors such that 
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'lf,(j>) for any compact subset T C M", any L G N, and any < j < n one has 

oo j 

^\Wn\\cl{t) Yl\\hA^A\cL{S"-^) < oo; (61) 



Af=l i=l 

(2j^(^) for any set S G /C(]R") and any < j < n one has 



'(^) = E m — 9)rlo/^'^(^ + E^^^'^)- (62) 

7V=1 1 • • • i j=i 



The last expression is well defined since by Corollary 11.2.21 the function fJ^''j^{S + Yli=i 
is C°°-smooth in Ai, . . . , Aj > and the series (j62j) converges absolutely. 
Similarly one can write 



/^V' = V^o H h (63) 

with ipj G Wn-j(MJ^), and there exist sequences 

C C°°(M", |^Mn|), < J < n; (64) 
{5^}^=iC/C(M"), l<2<j<n (65) 

with being strictly convex compact domains with smooth boundaries containing at 
the interior such that 

{lf,tp) for any compact subset T C M", any L G N, and any < j < n one has 

oo j 

W^Nllc^mYlW^B^WcHs"-^) < (66) 

N=l i=l 

(2/^^) for any set S G /C(]R") and any < j < n one has 

^^■(^) = T.d-, 97r\o-NiS + J2f^M)- (67) 

N=l ^/^i • • • i=i 

As previously the function i^l^iS + J2i=i A^j-^Tv) C°°-smooth in /ii, . . . , /ij > and the series 
(jU7j) converges absolutely. 

In jl] we have defined the product ■ f^ip as a valuation defined on convex compact 
subsets of R" only by the following formula: for any K G /C(R") 

(/,0-/,V^)(K)= (68) 

where A : M" ^ M" x M" is the diagonal imbedding, the function 

(/i^ m 4) ^Alir) + A,A^^ X 5^ ^,b'J,)\ 

\ i=l i'=l / 

28 



is C°°-smooth in Ai, . . . , \j, /ii, . . . , /ij' > 0, the series dHU) converges absolutely and defines 
a valuation on /C(M"') from the space ^^(M"). By Proposition 11.3.31 it defines a smooth 
valuation on P(M"). Hence we get a smooth valuation on U G X. This valuation will be 
denoted later on by (j)\u ■ ip\u- However this construction depends a priori on a choice of a 
diffeomorphism / and the choices (j3Hj) - (pH) . It was however shown in |1] that once 

/ is fixed, the other choices (j^ - lplj) . do not influence the definition of f^cj) ■ f^ip. 

So let us denote temporarily the valuation we have constructed on U hy ip\u. In order 

to check that the product is well defined it remains to show that if f/ C X is another open 
subset and / : ?7^M" is a diffeomorphism then 

(0|(/o/^|c/)lc/nc/ = i(P\u°f^\u)\unu- (70) 

By Lemma [3. 1.141 it is enough to show that for an arbitrary compact domain with smooth 
boundary K <Z U H U such that f{K) and f{K) are convex in M", one has 

■ mifiK)) = ■ ~m{KK)). (71) 

Let us also fix another compact domain with smooth boundary K' G U (lU such that K is 
contained in the interior of K'. For valuations and we can find presentations similar 
to dSHl), (|ni, (ini, Namely 

/*0 = 00 H H 0n, (72) 

= V'o H \- '4'n, (73) 

with (f)j,ipj G iy„-_j(M"') and there exist sequences 

{j2UN=,, {z>^}^=i C C°°(M", M), < J < n; (74) 
{A'^}'^=„ C l<^<J<n (75) 

with (j75p being strictly convex compact domains with smooth boundaries, containing the 
origin at the interior, and such that 

(1) for any compact subset T C M", any L G N, and any < j < n one has 

oo j 



^\\fj'%\\cHT)Yl\\hA%\\ci'{S"-^) < oo, (76) 

N=l 1=1 

oo j 

^\\i^N\\cHT)Yl\\hB%\\ci^{S"-^) < oo; (77) 



N=l i=l 

(2) for any set S G /C(]R") and any < j < n one has 



i=l 



^^■(^) = E^Z -^\o^'N{S + Y.^'^B%). (79) 

N=i ^/^i • • • i=i 
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We have to check that 

n oo /^J+i' / J J' \ 

^ ^ aA. . . . 3X,3,, . . . 3,, ^ -"'H ' ^"^^> + E ''^^ " ^ '^'^'^ = <«°' 

We will prove the following lemma. 

4.1.1 Lemma. The expression \8(^) is equal to 

^ ^ aA. . . . 9A,a,. . . . 3,, 1°'^^" ^ ^"-H '-^ + g ^-^^ ^ ■<«^' 

/n the last expression ^SM) the function (/i-^Klz/;^,) ^(/ x f){K) + (X]i=i -^i^jv ^ Si'=i f^i'^l/, ) j 

-smooth m < Ai, . . . , Aj, /ii, . . . , /i^/ < ^at /or some ^at > depending on K, A^, _Byi , 
and i/ie series converges absolutely. 

Let us show first that Lemma f4. 1 . II implies the equality (f7T|) and hence implies that the 
product of valuations is well defined. We can apply Lemma f4 . 1 . II once again in a symmetric 
way in order to show that the expression (jS^ is equal to the expression (|HT|). Thus the 
equality ((101) = (EH) will be proved. 

Proof of Lemma 14.1.11 The differentiability and absolute convergence in ()82|) follow 
immediately from Proposition 13 . 1 . l"^ 

Let us show that (jHni) = (IH2I)- Let us fix j, N. It is enough to show that 

n oo f)j+j' ^ ^' 

j'=ON'=l ^ ^ i=l i'=l 

j'=ON'=l ^ ^ i=l i'=l 

Lemma [3.1.101 implies that it is enough to show that for fixed Ai, . . . , Aj > one has the 
equality 

oo j j' 

E E . . loi^'N ^ 4m X f)iK) + (E X E-"^'^^')) = 

/=oiV'=i ^1 • • i=l i'=l 

n oo rjj' j j' 

j'=0 N'=l • • • /^i' j=l j/=i 
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Let us denote for brevity A := J2i=i -^j^jv' t^N- ^^^^ notation the last equality is 
rewritten 

n oo j' 

j'=0 Ar'=l ■ ■ ■ /^J' i'=l 
n oo j' 

E E — 9-lo(/^ ^ X f)iK) + (A X 

j'=ON'=l ■ ■ ■ /^J' i/=l 

By Lemma f3. 1 . 1 21 both sides of the last equality are equal to 

/ ((/ ° f-'U){f{K) n{x- A))dfi{x). 
Jxev 

This finishes the proof of Lemma I4.1.11 Hence this also finishes the proof that the product 
on smooth valuations is well defined. Q.E.D. 

/^From the construction of the product it is easy to deduce the following result. 

4.1.2 Proposition. Let U C V C X be open subsets of X. Let (f),ip E V°°{V). Then 

(0 ■ tp)\u = (plu ■ tp\u- 

4.1.3 Theorem. The product 

V^iX) X \/°°(X) ^ V^{X) 

is continuous, commutative, and associative. The Euler characteristic is the unit in the 
algebra V^^iX). 

Proof. Observe first that if X is diffeomorphic to M" then this theorem was proved in 
Theorem 4.1.2 (combined with the description of from Proposition 2.4.10 in [Sj). 

This and Proposition 14.1.21 imply all the statements of the theorem except of continuity. 
Let us prove continuity. Assume that (pN — ^ 0, V'Af — > in K°°(X). We have to show 

that 0Ar ■ ipN — ■ "0 in V"°°(X). Note that for any open subset U G X diffeomeorphic to M" 

by the affine case and Proposition 14.1.21 

One can easily check the following property. Let {^n} C V°^{X), ^ E V°°{X). Let {Ua}a 
be an open covering of X. Assume that for any a 

Then ^ ^ in V^°^(X). This implies the theorem. Q.E.D. 

Recall now that by |^ the assignment to any open subset U G X 

U ^ V°°{U) 

is a sheaf on X denoted by V^. Proposition 14. 1 . 2l and Theorem 14 . 1 . 31 implv immediately the 
following corollary. 

4.1.4 Corollary. is a sheaf of commutative associative algebras with unit (where the 
unit is the Euler characteristic) . 
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